
UNCLASSIFIED

AD NUMBER

AD480516

NEW LIMITATION CHANGE

TO
Approved for public release, distribution
unlimited

FROM
Distribution authorized to U.S. Gov't.
agencies and their contractors; Critical
Technology; MAR 1966. Other requests shall
be referred to Air Force Rocket Propulsion
Laboratory, Attn: RPPR-STINFO, Edwards
AFB, CA 93523.

AUTHORITY

AFRPL ltr, 20 Dec 1971

THIS PAGE IS UNCLASSIFIED



AHW74 Rcpo.-r Ac A;W:F.6

PARAMETRIC STUDY

OF ROCKET GRAIN CONIFIGUIRATIONS

0lY PHOTOEL4ST IC ANALYSIS

MX Thumev

AM FORCE ROCKET PROPU&S1O'J#BAWATORY

'V

km5

S S1,- ,

lid
-lto

.2M:.
r7 f%6w~t

S "S 4.4v



- r-....... d-..... , • ec ica~tionn, or other data ara usted
ýv aywfV 4aItoeA CG ernmdantprcr:r

hct a ra the Covernment mVy hnve
- ~ ~ ~ W Wd ft3bi -i 1 o UPp-"ed the said drawings,

,o t ii i'c: to be regrcrded by implication

1i r-•- ng the hol3er or any other
-~ ~ 7 ~ ~t tt7~ righ.-ts vtr permission to

nr C' try rcate6 invention that may in any way

.. n.t itt- l cp controls and each trane-
......... ]Ori ianale may be made only

"-.A l (R . -STL&,,;, -tiwards, California 93523.

&OSt AVP¾IC



AFSC Report No. AFRPL-TR-66-52
HSC Report No. 65-29-12

PARAMETRIC STUDY OF ROCKET GRAIN CONFIGURATIONS

BY PHOTOELASTIC ANALYSIS

Research Contract Final Report

Contract No. AF 04(611)-10529

to

AIR FORCE ROCKET PROPULSION LABORATORY
Edwards, California

Prepared by:

Approved by:

~~ýurneyy

A M_. M.E. Four
Director of Eneneering

R. R. Parmerter

MATHEMKATICAL SCIENCES CORPORATION
Seattle Office

1107 Northeast 45th Street
Seattle, Washington

4



FOREWORD

j
This report presents the results of parametric studies on several

families of rocket grain configurations obtained by photoelastic

analysis. These results are presented graphically in the form of a

stress factor H as a function of the various parameters. In addition,

empirical relationships have been derived for most of the studies

conducted which represent the observed dependency. A section on the

application of the test results to more general engineering problems

is presented. In this section a comparison is made between a

recommended method of application and a limited number of numer4cal

solutions obtained via computer analysis.

The authors wish to acknowledge the able assistance in the conduct

of the experimental portion of this work of A. P. Waggoner and W. L.

Fourney.

This technical report has been reviewed and is approved.

R.C. Fanin,•- g P•ject Engineer

R..C.
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ABSTRACT

This report presents the results of parametric studies on several

families of rocket grain configurations obtained by photoelastic analysis.

In an earlier paper the authors ds ibcr d s parametric investiaation

of a family of grains which were defined by three parameters: N the

number of star points, a/b the port fraction, and a/p the fillet

radius factor. The results of that study led to the following empirical

formula for the stress concentration factor,

H 1-a/b N L V p

In the present investigation the study has been extended to include

families requiring four parameters to complete their description. Four

additional families have been investigated tc determine the effect of

a) slot width, b) positive wedge angles of the star slot, c) negative

wedge angles of the star slot, and d) eccentricity of elliptically

shaped star tips. In each of the studies It is shown that the N"1 /3

rule holds approximately, and empirical formulas similar to the one

given above have been derived in some cases.

A section on the apnlication of the test results to more general

engineering problems is presented. In this section a comparison is

made between a recommended method of application and a limited number

of numerical solutions obtained via computer analysis. Under the

worst set of conditions available, the streus calculations agreed

within 10% and the strain within 15%.

As a result of the large number of parameters used in this study,

it is practical to obtain the maximum stress for most grain configura-

tions using the data presented.

- - iii
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INTRODUCTION

In the design of solid propellant rocket engines, the use of

internal slot configurations has complicated the analysis of stress

and strain. Additional complications enter into the problem because

of the use of viscoelastic materials, elastic cases, and tapered

shapes and because of end effects and finite deformations. Ignoring

these complications for a moment, we might consider the problem of an

infinitely long, star-perforated cylindrical body of linearly elastic

material subjected to infinitesimal deformations. Even the. solution

of this highly simplified problem defies exact analytical anpiysis!

However, it may be solved by approximate methods of analysis or by

using the techniques of photoelasticity. If the solution to this

problem has some application in the solution of the even more diffi-

cult finite lert.Ui, case-bonded, viscoelastic problem, then it serves

a worthwhile purpose. It will be shown that this is indeed the case.

In view of this, several photoelastic investigations of stresses

in solid propellant rocket grains have been conducted,(12,3)* This

report presents the results of a series of parametric tests on four

families of grain configurations. The geometry of each family is

completely characterized by four parameters.

The present results are compared to previous worw by the

authors;(3) the agreement is eAcellent. An error analysis of the

data has been conducted; the method of analysis and the results are

outlined. The analysis indicates that the data which is presented is

accurate within ± 5% over the range of interest.

*N4unbers enclosed in parentheses refer to References Yisted on Pae 48.
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II.

GENERAL THEORY

The milution to the problem of en infinirely long, star-perfo-ated

cylindrical body (Figure 1-a) is (by syMmecry) independent of the

-xial coordinate (which is taken to be the z coordinate), provided

the loading oa. the yl•.Id-i:al surfaces is independent of z and rte.e

z compm.ent of all loads is zero. The problem is classified as a

problem in plane -train. If the material is homogeneous, isotropic,

and linearly elastic and if the body forces are zero, then the followq-

ing equations cai. be shown to govern the problem.(4)

Fi:. equations for the stress components O- ,O , Cy

+x +

x 
0

'72(crxx + G-yy) - 0

Constitutive equations relating strain to stress

, t E ciX x y

E + 0- (G }2)
yy E -r



+I
EE -., 2

Auxilinry equations for calculating the remaining stress
and strain components

Ex yz a'xz" O-yz -0
(3)

-z ( a-xx + crT )

Now consider a thin slice cut from this cylinder and subjected to the

same load per unit area on the cylindrical surfaces (see Figure 1-b).

The upper and lower surfaces are assumed to be free of tractions.

"This problem is classified as a problem in plane stress, and its

solution is governed by the following set of equations.(4)

Field equations for the ctress components Gixx, qyyG -xy

-- + -0

-- + b -y 0 (4)

2(0 + a-) 0V (o y

Constitutive equations relating stress to strain

E Ma
XX E xx yy

3i
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E -1  1 ' (5)

y E Oxy 2

Auxiliary equations for calculating the remaining stress
and strain components

(6)

E ax-- O + (T-)

In each problem, the field equations are to be solved subject to
"certain boundary conditions. The stress components Yx3 (-y T-

C yy' xy

obtained from the solution are then substituted into the remai,.ing

equations to find the complete stress-strain field. Notice that tile

field equations of plane stress and plane strain, with zero body force,

are identical. Thus, if the stress boundary conditions for a problem

in plane strain are identical to the stress boundary conditions for a

problem in plane stress, the two solutions for xx, a-yy, 7-xy must

be the same and will be independent of material properties as long as

E and ' do not enter the boundary conditions. This observation is

the basis for the application of photoelastic analysis to the rocket

grain (plane strain) problem.

Let us consider the specific case of a long circular cylinder

with a star-shaped cylindrical perforation (Figure l-a). If there

4



are no body forces and if the surface tractions are a uniformly die-

tributed pressure p0  on the external cylindrical surface and a uni-

formly distributed pressure pi on the internal cylindrical surface,

then the boundary conditions are:

External Surface:

Outward Normal n

Surface Traction T -pon

Boundary Conditions

(T n + 07ny - -pony

xx x xyy oy

(7)
0-xynx + Tyyny -pony

Internal Surface:

Outward Normal m4"

Surface Traction T -pim

Boundary Conditions

M + o y - -pimx

(8)

T m+ Ty my -pim

These boundary conditions are independent of E and / . Therefore,

a geometrically similar thin disk of any linearly elastic material,

loaded with the same internal and external pressure, will be subjected

to the same stress components Txx, yy , 0 xy . Hence the stress

__field in the disk mAy ha nhtninad bJL the. wetwwe 0ik. --- t•-.

5I



The photoelastic test is performed in the following manner. A

thin disk model of the appropriate shape is prepared from a material

that exhibits birefringence when subjected to strain. This model

could then be loaded with internal pressure Pj and external pressure

p and viewed in a circular polariscope. The isochromatic fringe
0

pattern which would be observed is directly related to the difference

in principal stress, O " , at each point in the model.

In practice, it is difficult to apply a uniform pressure p' to

the geometrically complicated inner boundary. It is much more con-

venient to apply only po to the simple circular outer boundary.

Fortunately the solution for internal and external pressure can be

easily deduced from observations made on a model with external pressure

only. This result follows from the well known principle of super-

position for the linear theory of elasticity.

Consider two loading conditions applied to the disk. Loading A

consists of equal internal and external pressure p' . Loading B

consists of external pressure P;' - pi and zero internal pressure.

It is clear that the superposition of the solutions to theLe two

problems is the solution for the problem with internal press'are pI

and external pressure p; . Problem B is convenient for photo-

elastic analysis. Problem A is a case of two-dimensional hydrostatic

loading and has the solution

(9)
0r~*
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All directions in the x,y plane are principal directions. Thus

-1 'a02 - ,i (9-a)

Since the equations which govern problem B are linear, it is

clear that the magnitude of any stress component at any point in the

disk is linearly proportional to t'ie magnitude of the exter:tal pressure.

If we let p. a p; - Pi and if we designate the magnitude of the maxi-

mum stress which occurs in the solution to B for a given value of p0

by OTM , then O-M/po will be a constant for all values of po

The determination of the value of this constant, as a function of

various parameters describing the star geometry, is the primary objec-

tive of this study.

In star configurations loaded with external pressure no , the

maxi.aum stress is found to occur on the inner boundary at the star

tip. Since the inner boundary is free from tractions, the principal

directions along the boundary are the directions perpendicular to and

tangent to the boundary. The principal stress acting on the surface

with a normal perpendicular to the boundary is zero. The principal

strest acting on a surface with a normal parallel to the boundary, at

the point on the boundary where the maximum fringe order (difference

in principal stress) occurs is C'M . Since one principal stress is

zero, it follows that the magnitude of the difference of principal

stress (72 .1 The difference in principal stress is

directly related to the fringe order n observed at the point by the

stress optic law

7!
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(71 (2 Kn(10)

where K is the fringe constant and t is the model thickness; hence,

0"T can be directl.y determined from observation of the fringe order n

I

4
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III. F
TESTING PROCEDtrES

A test jig has been designed wbich allows a uniform pressure po

to be applied to the external periphery of the model. In practice

this pressure is supplied by a regulator from a high pressure nitrogen

bottle and may be varied between 0 and 500 psi. The ratio 0-M/po

can be obtained from observations at one pressure. However, random

error will be reduced if a series of observations are made at various

press.ires. The resulting curve of C-M versus p should be a straight

line, nnd its slope is the desired ratio O-M/Po .

The direct observable in these experiments is the fringe order n

which has been shown to be proportional to - . The experimental

procedure therefore is to measure the pressure p1  which is required

to cause a first order fringe at the concentration point, the pressure

P2 required to cause a second order fringe, etc., up to some maximum

fringe order dictated by the pressure limitations of the system or by

the limits of elasticity of the model. For the present series of tests

the pressure limit was usually reached between the sixth and eighth

fringe order. Thus six to eight data points were available on the p0

versus n curve, and a precise slope could be easily determined.

Moreover, either four or eight equal stress concentrations appear in

the model (The number depends upon geometry. See Figures 2 and 3.)

so that this procedure can be repeated four or eight times, and a

weighted average of the slopes is then used to determine the best value

of a'M/po for the particular geometry being tested. A least squares

9



data reduction method has been used. It is described later in the

report. A typical set of curves of pressure versus fringe order is

shown in Figure 4.

In order to convert the direct experimental result n/po (fringe

orderjpressure) in~i the desired quantity O-M/po , it is necessary

to kxsuw the fringe constant K in the stress optic law, equation (10).

The fringe constant has been determined for each sheet of material

(CR-39) used in these tests. The value was derived from several tests

in which the fringe order versus the load F was observed in a specimen

for which O-1 - 02 versus load was known from analytical consideca-

tions. The particular test which was used was the diametral compression

of a solid disk (Figure 5). The stress solution of this problem is

- - (11)

A typical curve of fringe order versus F is shown in Figure 5. As an

example of the consistency of the tests, ten specimens were tested from

Sheet #1, and the range of K observed was 93.4 + 1.0 psi-in/fringe.

Two additional tests were used to check the overall validity of

the test procedure. In one test, 10 thick-walled cylinders were loaded

with external pressure in the pressure jig. Since the stress solution

is known in this case from theory, the correlation between test results

and theory can be observed. The test results are shown in Figure 6.

Unfortunately, the test is not too sensitive since the stress levels

for a given amount of external pressJre are low, so that within the

500 psi test limits only 3 or 4 fringes can be observed, in addition,

10



the stress gradients are low so that the fringes are not sharply defined.

Nevertheless, the agreement between theory and experiment is good and,

because of the limitations inherent in the test, this discrepancy

probably indicates the maximum overall deviation to be expected between

the true values of H and the experimental values in this type of

testing.

To check consistency with previous experimental work, a number of

simple slot configurations were tested (Figure 7-a). The result of the

present tests is compared to previous test results in Figure 8. Para-

metric studies of this configuration have been published in Reference 3.

Excellent agreement was found between the two aets of data.
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IV.

DATA RED17CTION

Typical data from a test on one specific geometry consists of

the pressures corresponding to the first 6 to 8 fringe orders for each

of the locations where the maximum stress occurs. The objective of

the data reduction process is to extract from this set of 50 or 60

values of pressure the best value for the ratio -O-M/po

As a first step, the best value of 0-M/po is determined for

each of the locations where maximum stress occurs. O-M/po is related

via the fringe constant to the slope of the best straight line through

the data presented in a pressure versus fringe order plot. If all of

the data is given equal weight, the slope of the best straight line
(5)

throughi the data can be found by a least mean squares process. If

the data is thought of as a set of M pairs of numbers (xiYi)

then the best slope can be shown to be

M M M

A a .1 4yi) (12)

M XiX)M2xi2 - (ixj)2

where y - AX + B . The standard deviation of A can be shown to be

(AX B -y 1)2 Ms- iml (13)
M MSm- 2 M-•Ii-(-Xi)j-

12



In this way, L values of best slope Ai , with corresponding stand-
ard deviations Si , are calculated. The best value of A is then

taken to be a weighted average of these L values.

L
L Aj/Sj 2

A - best estimate of A - (14)
L7 11S 2

Jul

The standard deviation of A is calculated from

L 2F(A- - AJ)2 L 2

S/ A(L -) 'L/S 1  (15)
• V ~~Si2 ~

13



V.

DATA REDUCTION EXAMPLEr

The following raw data was obtained from Test #29.

Table I

External
n Pressure

Fringe .Po Location of Stress Concentration

Order i #1 #2 [#3 #4 #5 #6 #7 #8

1 62 58 61 55 64 62 66 65

2 115 105 113 111 1A3 i13 115 122

3 179 159 171 172 177 173 179 187

4 231 225 227 ?34 228 229 230 244

5 293 284 284 295 293 284 288 305

6 357 347 348 360 357 350 352 373

Best Slope A 6.44 6.52 63 6.21 6.45 6.61 6.62 6.18

Std. Disviation S 0.10 0.12 0.091 0.07 0.14 0.10 0.12 0.07

The beat slope A is calculated for each point of stress concen-

tration using equation (12). For example, fc stress concentration #1,

M - 6, t - 0.246, A - 6.44, and S - 0.10. The value of A for each of

the eiglt points of stress concentration is shown in the above table,

with corresponding values of S . Zuation (14) is now used to find

A the best value of A ,with L - 8

A -6.40

14____1



Equation (15) gives the standard deviation of A

S = 0.07
A

Thus, for the geometry of Test #29, the bracket H = 6.40 + 0.07 con-

tains the correct value of H with a probability of 67%. The bracket

H = 6.40 + 0.14 contains the correct value of H with a probability

of 957..

1I
I!
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VI.

TEST RESULTS

The tests conducted during this program have established the

stress variations which arise when the simple slot configuration shown

in Figure 7-a is modified.by either changing the shape of the tip or

the slope of the slot walls. An extensive series of tests of the

simple slot configuration has been previously reported.(3) ror com-

pleteness, the results are shown in Figures 9 through 14. The simple

slot configuration is characterized by three parameters: a/b , a/P ,

and N . The variation of H as a function of a/P , with N and

a/b fixed is shown in Figures 9 through 13. A typical photoelastic

fringe pattern is shown in Figure 2. One of the more interesting

results of this study was that the variation of H as a function of

N , with a/p and a/b fixed, was of the form H - N"1/ 3  over

the range tested, except near the limit points a/p --o I . (It is

clear that for all values of N and p , when a - p , the simple

slot configuration becomes a circular port.) This behavior is shown

in crossplots (Figure 14). The following empirical formula was derived

for H

H (N- a] 1 + 2 (16)
L

and as shown in Figures 9 through 14 fits the data within 57. for

a/p > 4

16



In the present series of tests the simple slot configuration was

modified by

a) Widening the slot tips--see Figure 15.

b) Replacing the parallel slot walls with nonparallel

walls--both positive and negative angle--see Figures

16 and 17.

c) Replacing the semicircular star tip with a semiellipse--

see Figure 18.

The following sections of the report give further details on the

configurations tested and the values of H observed.

17



VII.

SLOT WIDTH FACTOR TESTS

A series of tests was run to determine the effect of slot width

on maximum stress. The geometry is shown in Figure 15. It is completely

defined by the four parameters: N the number of star points, a/b

the port fraction, a/ fillet radius factor, and d/2p the slot

width factor. The majority of the tests were of configurations with

N - 4 . In addition, 6 tests were made of corfigurations with

N # 4 . The results of the tests with N - 4 are presented in

Figures 19 through 22 by holding d/2P constant at integral values

from 2 to 5 inclusively and plotting H versus a/p for constant

values of a/b

The slot width factor is varied between the limit point, where

d/2P - 1 , which represents a simple slotted grain (See Figure 8),

and the limit point where d is allowed to increase to the value

d - 2a . These limiting geometries are shown in Figure 7. Both of

these limit points were established by means of photoelastic tests.

The limit point corresponding to d/2P - 1 is identical to the con-

figuration treated in Reference 3; however, 17 additional tests were

conducted to confirm the correlation between these two series of tests.

The other limit point was established by photoelastic tests on the

geometry shown in Figure 7-b. In this case the internal geometry is

a square with a finite radius of curvature at each corner. Due to the

close proximity of the outer boundary, an analytical solution is not

available. In lieu of this a parametric study was made. Two

18



parameters were necessary to describe the square: a/b the port frac-

tion and a/p the fillet radius factor. The results of this study

are shown in Figure 23. The limit points required for this series may

then be determined from this curve. A typical photoelastic picture of

this limit configuration is shown in Figure 24.

The actual curves used t) present the data are obtained by holding

d/2P fixed and plotting the factor H as a function of a/P for

several values of a/b . Each r~ember in the resulting family of curves

is located by 3 to 4 test points. In general the correlation of these

tests in establishing a single curve is excellent. It will be noted

that the limit points are indicated by a vertical crosshatched line

and ar3 a D.nction of d/2p only. For large values of a/b the limit-

ing geometry cannot oe realized, as the limiting square is larger than

the outec circular boundary.

In general the curves are quite smooth except near the limit point

where a rapid increase in the factor H is indicated. Also it will

be noted that the factor H is significantly reduced for values of

d/2P > 1 (with the exception of points in the neighborhood of the

limit points). Also, as indicated in Figure 25, a minimum value of H

is obtained for fixed values of the other remaining parameters. The

value of d/2p where this minimum occurs is not constant but is a

function of the other parameters.

In the simple slot tests for values of N from N - 3 to N - 8,

the empirical rule H • N" 3  was observed (See Figure 14). If the

same rule were to hold for d/2p # 1 , then the results of the

19



current series of tests could be immediately extended for N • 4

To test this hypothesis a series of six tests for N = 2, 3, 4, 5, 6,

and 7 was conducted with the remaining three parameters held constant

at d/2p - 3 , a/b - 60% , a/p - 13 . The results of the tests

shoving the variation with N are shown in Figure 26. The dotted line

-1/3
indicates the curve which would be anticipated if an N rule

governed the behavior. This curve represents the data particularly

well in view of the rather peculiar shape of the curve. The curve

shown has been drawn to give the best fit to all the data, rather tham

to tie to the N - 4 results. The largest disagreement of the two

curves shown is 6%.

It would be advisable to make additional tests to obtain cross-

plots similar to Figure 26 for other fixed values of d/2p a/b

and a/p to determine the limits of applicability of an N rule.

This work however was not within the scope of this investigation.

20



VIII.

POSITIVE WEDCE ANGLE TESIS

A series of tests was conducted to determine the effect of a

positive wedge angle on the stress factor H . The geometry used in

this series is defined in Figure 16. It is completely specified by

four parameters: N the number of star points, a/b the port frac-

tion, a/p the fillet radius factor, and (L the wadge angle. A

total of 63 tests were conducted for N - 4 ; a/b - 40•7, 50%, 60%,

707, and 807 ; (- 100, 200, 300, and 400 ; and an appropriate

range of a/p . In addition five tests were conducted for values of

N other than 4 to determine the effect of N .

The results for N - 4 are shown in Figures 27 through 30. In

each of these figures (L and N have been held constant and H is

plotted as a function of a/p for various values of a/b . Each

curve is defined by three test points and a limit point at a/p - 1

At this limit point the geometry reduces to a circular port for which

the value of the stress may be easily calculated. A typical isochro-

matic fringe pattern for this geometry is shown in Figure 31.

If these ctLves are compared to the simple slot tests of Figure 8,

which corresponds to thic geometry with CL - 0 , it is cbserved

that even moderate positive wedse ankles lead to significant reductions

in stress. This is clearly seen in the crosaplots presented in Figures

32 and 33, where H is plottc~d versus OL for various values of a/b

with a/p held cwnstant.

21
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The results of the tests showing the variation of H widl1 N

are shown in Figure 34. Again the stress factor H decreases as h

increases, and the N"I/3 rule (dotted curve) is in reasonable agree-

ment with the data.

22



NEGATIVE WEDGE ANGLE TESTS

A series of tests was conducted to determine the effect of a nega-

tive wedge angle on the stress firctor H . The geometry used in this

series is shown in Figure 17. The definition of this geometry requires

four parameters. They are: N the number of star points, a/b the

port fraction , a/p the fillet radius factor, and /3 the wedge

angle. The wedge angle has been denoted by , a positive number, f6r

convenience. It will be noted that this corresponds to an extension

of the series reported in the previous section for negative values of

Q .

Tests were conducted for N = 4 , .a/tk. 40%, 507, 60%, 70%, and

807 , 10- 10, 200, and 400 , and an appropriate range of a/p

An additional series of tests was conducted for values of N from 2

to 8.

A typical isochromatic fringe pattern is shown in Figure 35. The

results for N - 4 are shown in Figures 36 through 39. In each of

these figures, R and N have been held constant and H is plotted

as a function of a/p for various values of &/b . Each curve is

defined by three test points and a limit point at alp - 1 . At this

limit point the geometry reduces to a circular port for which the value

of the stress may be easily calculated. The curve for S3 0 again

corresponds to a simple slot configuration (See Figure 8). The curve

for / 300 has been obtained by interpolation.
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The results of the tests showing the variation of H as a func-

tion of N are -houi in rigure 40. It will ',e noted that the stress

decreases as N increases .nd that the N" /3 rule (dotted line)

closeey represents the data. This is particularly true for values of

N breater than 3. In the limit when N - 2 , the disagreement is

only 6.77%. However it must be emphasized that this validates this

rule only within the range tcsted.

Cru-splots of the data are presented in Figures 41 through 43.

In these plots N and a/p are held constant and H is plotted as

a function of /3 for various values of a/b . The limit point for

8- - 00 corresponds to a simple slot configuration; the other

extreme, / - 900 , corresponds to a square with finite radius ot

curvature at the corners. Both of these configurations have been

investigattd, It 1.9 seen from these plots that the variation of H

as a function of /3 is relatively small for angles up to 50

Particularly notice that for smaller port fractions the value of H

is esuentially constant ior /3 < 450 For this reason the curve

for /3 - 30 was obtained by Interpolation of this data.
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X.
ELLIPTICAL SLOT TIP TESTS

The nature of the stress concentration at a star tip is determined

by the star tip geometry. In the case where the slot is terminated in

a semicircular tip, one point of stress concentration occurs, and it

is located on the centerline of the slot (Figure 2). On the other

hand, when the slot is terminated with a tip similar to those used for

the slot width effect tests, two points of stress concentration occur

(Figure 3). With these observations in mind, consider the nature of

the stress concentration where the slot is terminated by a semiellipse

(Figure 18). If we define E to be the ratio of the minor axis of

the ellipse to the major axis of the ellipse, then as E - 1 the

star tip approaches a semicircle (Figure 44), and a single point of

stress concentration would be expected. On the other hand, when E

is small (E - 0), the star tip resembles the type used in the slot

width effect tests, and two points of concentration would be expected.

It is clear that at some internyw.diate value of E the transition from

one point of concentration to two points of concentration must occur,

and for this transition geometry the stress must be quite uniformly

distributed around the tip. Intuitivwly one feels that this wore

uniform stress distribution, relatively free from concentration points,

will be a imainm stress configuration.

To test this hypothesis, a series of tests was conducted with

elliptical star tip geosetries, with values of E - 1, 0.8, 0.6, 0.4,

and 0.35. In all cases it was found that as E is varied while all
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other parameters of the geometry are held constant, a configuration of

minimum stress occurs for a value of E in the range 0.35 < E <

0.70 . As anticipated, this minimum stress configuration is found

at the value of E where the transition frpm one concentration point

to two concentration points is occurring.

The geometry of a star grain with elliptical star tips can be

specified by four dimensionless parameters, a/b , N , a/p '

and E . The majority of the tests were conducted for N - 4

Typical fringe patterns are shown in Figure 45. Curves of H (stress

factor) versus a/pI , for varioL_ ,alues of a/b and E are

shown in Figures 46, 47, 48, and 49. Croseplots of H versus E

for fixed a/b and a/p ' are shown in Figures 50 and 51. The

shaded area indicates the value of C at which a minimum H occurs.

In addition to the tests for N - 4 , several tests were con-

ducted for other values of N . The relationship between H and N

for fixed a/p' , a/b , and E is shown in Figures 52 and 53.

The dotted line indicates the variation of H if the empirical rule

H- N"1/ 3 were valid. The close agreement between the dotted

curve and the experimental values indicates that once again, within

the range tested, the N"1/ 3  rule adequately expresses the dependence

if H on N . This indicates that the extensive results obtained

for N - 4 can be directly extended to N 0 4 .

A series of fringe pattern pictures is shown in Figure 45 to

illustrate how the transition from one point of stress concentration

to two points of concentration occurs as E is varied. The pictures
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were taken with a load of 350 psi, and in each configuration N - 4

a/p' - 6.5 , dnd a/b = 60% . Note in particular the uniform

stress along the star tip in Figure 45-c where E is close to the

transition value as compared to Figure 45-a or 45-d.
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XI.

APPLICATIONS

Internal Pressure

Maximum Stress Calculations. In the introductory section it is

shown that the test result can be applied to the case of internal

pressure pI and external pressure po by superimposing a hydrostatic

stress state Thus, for this case,
Xx yy 1 2 20-i

p0  P - p! and

-fH(p "pO) -p (17)

The factor H is obtained from the parametric curves and is equal to

0- Q 1/p0

If the grain is case-bonded, then to a good degree of approxima-

tion(6) the case can be replaced by an eqv 4valent uniform external

pressure p' where

p' = (18)

1 +(1 - 2L)()) +[ 1[ c C2J Eb } 2(1.72)a a (1-2i + V Ect--

In this equation t is the thickness of the case and E and VSc c

describe the elastic properties of the case. The equation has been

derived for a thickwalled cylinder grain. The validity of this

equation becomes questionable for a star grain when the web becomes

thin. It is clear that if the web is thin the external pressure
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exerted by the case will not be uniform, and shear transfer between

case and grain may become appreciable.

When this equation is used to find p' for a star grain, a value

for a/b must be chosen which properly represerts the star grain as

an "equivalent thickwalled cylinder" (equivalent in the sense that p'

calculated using the chosen value of a/b is equal to the average

value of normal stress which the case exerts on the actual star grain).

The determination of an "equivalent thickwalled cylinder" is a key

step in the application of photoelastic test data to case-bonded star

grains. Engineering intuition dictates that the equivalent cylinder

lies between an equal web fraction cylinder and an equal area cylinder.

The problem of choosing an equivalent cylinder will be pursued in

detail in a later section.

As a practical note for calculation purposes, it will be found

that when typical numerical values are substituted into equation (18)

the denominator will be approximately equal to 1, indicating that

p' - Pi . Since the stress calculation (equation 17) depends upon

the factor (Pi - P'), p' must be accurately determined. Computa-

tional labor is minimized if the denominator is put into the form

1 + A . Then,

p- 1 - A + A2 + o(A 3) (19)

and an adequate expression for p' will be obtained in most practical

cases by retaining the first three terms in the expansion; i.e.,

2
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3 (K /A . The value of A is easily calculated from the

expression

(l! 1 + VJ Eb

-41 - 2 V+ ( S_) -} (20)

In those problems where V :z 0.5 and E t »>> Eb , this approach

will be found to significantly reduce the computational labor. The

maximum stress (equation 17) becom,-s

-)- [H( 2) 1 ] p, + O(HpA 3 ) (21)

Maximum Strain Calculations. The calculation of maximum strain

follows from equations (2). For the particular case of external

pressure p0  and internal pressure pi , which includes case-bonded

grains as indicated in the previous section, the maximum strain occurs

at the point of maximum stress and is given by

T +i 1 ,)H + 21./ - "IP + ( /'- l)Hpo} (22)

In terms of A for a case-bonded grzin, this equation becomes

PA H { (1 - 2V) + 0 (23)

If V f 0.5 , then ET depends strongly upon H , / , and

/ . The dependence upon V is more clearly expressed by letting
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A-

V -0.5- 8 , 8 << l Then equation (23) becomes

LT -1 +3 {[ný 2) +8 ]H - 28 + 0Hy + 0(11 (24)
Pj E J

It is clear from this expression that under these conditions

( I/-= 0.5), accurate strain calculations require very accurate values

of I/ and interface pressure p' . It is also clear that errors in

interface pressure are greatly magnified when H is large.

The extension of these calculations to the case of a linear

viscoelastic material is straightforward as long as the boundary con-

ditions are of the proportional loading type. The elastic constants

E and I/ are replaced by appropriate differential operators and

integrations carried out where required. In particular, it should be

noted that equation (18) becomes a differential equation for p'(t)

and the time dependence of p'(t) will in general not be the same as

p'(t) . Thus, for a viscoelastic grain in an elastic case, the

assumption of proportional loading may not be valid. Treating the

problem as one with proportional loading introduces further approxi-

mation into the solution.

Thernal Sbrinkan

If a case-bonded solid propellant rocket grain is strain free at

some reference temperature, say T a 0 , and if its temperature is

changed, strain vill be induced due to two causes. First, strain will
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be induced due to the thermal expansion of the body. If the body is

unrestrained and the temperature is uniform from point to point in

the body, then the body will remain stress free although a nonzero

strain field exists. If however the body is restrained in some manner,

these restraints will produce a stress field which then gives rise to

additional strains through the normal Hookean constitutive equations.

This is expressed in the following equations.

Err E'[~r~

0I- 1/(Gy + O~rd] +aTAýT
99 E Lee

(25)

E .1 [a..- -V(Or +0 a 1 + ()LT'fzz E LZ r GOj

'Y -T 9~ YOz rz 'Yr--re G re ez G Z G rz

In each of theme expressions for normal strain, we see the strain

arises from two sources, AT the temperature change and the induced

stresses. In these equations AT is the temperature change and CLT

is the coefficient of thermal expausion. Note that the thermal portion

of the stress field affects only the normal stress-strain relations,

as thermal expansion causes no shearing strains.

Nov consider the thermal stress problem in a long circular cylin-

drical rocket grain with constant temperature change 6T , a thin

elastic case, and a concentric circular internal port. The assumption

4
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is made that the ends of grain are restrained in such a manner that

the problem reduces tn one of plane strain; i.e., E - 0 . The

equations for the stresses and stralau Lu Lhe propellant are:

(rar -- 11 -a22 a2/r2
rr (1 - a/b2) 21r

G " (1 - a2/b2)

ZZ 2 A2 T

E~(1 - a lb )
Err . (U+V-' )P'' (1 2V/) + a2/r2 + (1+ V)(IT •T

E(l - &2/b2 ) L

_ (a)+2] E -21) + V (1+ 6

pE(l a 2 /b 2 ) i(1 - T (1 + (1 +d OL T J
()2 +1 1- [ -_c23[,+~~

Ect

It should be noted that in the above set of equations the stresses

Cr and 0- result from the rarm involving the interface pressurerr 99
p' only. That is, the two-dimensional stress field im completely

equivalent to a pressure problem with the value of the external pressure

bWng given by p' of the above set of equations.

It should be noted that the above expression for p' does not

agree with the expressions stivo. in Raference 6 and Reference 9.
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This p' has been based on the assumption Ezz 0 0 where Ezz is

the total z strain; i.e., mechanical strain plus thermal strain,

The referenced reports give a value for p' b.ised on holding only

the mechanical part of E zero.

When the internal boundary is not a circular port, it is not possi-

ble to write expressions for the stress field similar to the pressure

problem. The assumption is made that the effect of the case may be

replaced by a uniLorm pressure given by p' of equation (26). Here

again an equivalent circular port grain must be selected to calculate

p' . In this case the equal web fraction would yield a lower bound on

the stress while -he equal area equivalence would yield an upper bound.

Strain calculations are most readily made by first calculating

the complete stress state using equation (17) to calculate the maxiqum

tangential stress, the Internal bo,'mdary condition to calculate the

normal stress, and the condition of plane strain for the axial stress

[±.e., EZ 0 , which implies Cz = V(0-T + O-n) - E(TAT] .

Once the stresses are known, the strains zay be determined directly

from equation (25). It should be noted that the expression given for

maximum strain in equation (22) is incomplete when thermal strains

are considered.

Calculatiot of an Eauivglent Cylinder

Recently the results of a limited number of computer solutions

of caso-bonded and free star grains, loaded by pressure and thermal
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loads, have been published by Becker and Brisbane.(7) Comparing these

results with the ones obtained using photoelastic data and the tech-

niques outlined in this report, one finds remarkable agreement for the

free grain for both stress and strain. For case-bonded grains, the

maximum stress calculations show good agreement when p' is based on

an equal web fraction equivalent. However, as indicated in a previous

section, considerable error can occur in the strain calculations,

especially for large values of H and I/ = 0.5 since the strain

calculation is particularly sensitive to errors in p' . In the

examples of Becker and Brisbane, V a 0.4987 and 11 < H < 18.2

In more typical configurations 4 < H < 10, so that these examples

probably indicate an upper bound to the expected error.

Using the examples of Becker and Brisbane and the example from

the Numerical Example Section of this report, tentative rules for

finding a better "equivalent cylinder" can bc derived. The examples

show that the correct equivalent is much closer to equal web fraction

than to equal area, indicating that the portion of the star grain

material inside an equal web fraction cylinder is not effectively

utilized in providing hoop stiffness. The area of this ineffective

material is proportional to [(a/b) -(a/b), , where (a/b)W

refers to an equal web fraction equivalent and (a/b)A refers to an

equal area equivalent. By considering this area to be 20% effective

in increasing hoop stiffness, considerable improvement in the accuracy

of strain calculatio' is obta•ned. In other wrds, for purposes of

calculating the interface pressure p' , an equivalent cylinder
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(a/b) Eis calctuiated as follows:

2! 2
EE

(a/b) is alctiate as fllow:bii

(a/b)- (a/b) 0.20 a/b) (a/b) (27)

The stresses and strains calculated using (a/b)w , (a/b)A aned

(a/b)E are tabulated in Table II along with the corresp-' 4ing computer

solutions. In these examples, when (a/b). L, ,vqed ro kalculdte p'

the maximum error in stress is less than W% ziid the maximw ertor in

strain is less than 15%. Additioriai comparison prodlems would be

useful to verify the validity of the method. However, based on the

inform~ation at hand, it would appe,ýr that the use of (aP/b'E offers

considerable improvemeni over (*/n)V or (a/b)A .

Nunrical Example

Internal-Pressure-. A numerical exsaple will be presentetd to

illustrate the dependeacy of the naxivik'eurr (or strain) on the

choice of the "equivalent' circular port grain. Assume that the cross

section of the grain it of the imtple slot family shown in Figurt 7-a

with the following values of parameters: I•

N 4 dI2P- WI

a/b *66.7. u/P a-8
I --

eance from Figure 8 the value ,f the stress factor is dettrained to

be Hi 9.6
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Assume the following propertie3 f'r the propellant and the case:

SW 30 x 106 psi E 103

1c - 0.30 U- 0.49

tc W 0.06" b " 31

This problem is identical to the problem used to compare computer

so)utionsbtained by MC and by Rohm and Haas.( 8 ) Thu6 the maximum

tangential stress and strain are known from an independent source and

can be compared to the results obtained using the much simpler methods

of this report. The computer solutions g>.

0-T /Pj - 0.698

E T!Pi 2.0 x 10" 4 /psi.

In other words, for an internal pressure of 100 psi, the maxinrum tan-

gential stress is G- - - 69.8 psi and the maximum tangential strain

is ET - 2%

To illustrate the dependence of the solution on the proper choice

of an "equivalent cylinder," the soiution will be obtained using the

equal web fraction equivalent, the equal arue equivalent, and the

effective area equivalent defined by equation (27).

For the equai web fraction equivalent, (a/b)W M 0.667 . Sub-

stituting this value into equation (20), the pressure fector A can

be calculated as follows

A - 0.0260
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In this example, since A 3 < A , the use of only_ the first two

terms in the series is completely justified.

The average interface pressure exerted by the case on the gSain

can be calculated using equation (19)

P Pi~i
P' I Pi( 1 

- [A. A2] )

= 0.9747 Pi

Thus, for this example, the internal pressure is transmitted with very

little loss to the case. This is a typical result for V - 0.5 end

a relatively stiff case (i.e., Eb/Ectc << 1).

The maximum tangential stress (tangent to the star boundary) is

"calculated from equation (21)

" - 0,757 pi

The maximum tangential strain is calculated from equation (24)

O-T 1.54 x 10 -4 pi

Thus the tangential stress is negative (compressive) while the tan-

gential strain is positive. It should be emphasized that this stress

is the -aximum (ahsolute value) value of tangential stress which occurs

at the star port surface. The term tangential is used to indicatc the

direction parallel to the star boundary at the point where the maximum

occurs and does not in general mean the "0" direction, although in

this particular example (simple slot) the two directions do coincide.
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This maximum tangential stress is not necessarily the maximum stress

occurring at the point. In order to check this, the other two princi-

pal stresses must be calculated using the boundary condition On -

" Pi and equation (3)

O "ZZ = (O ~xx + a 'y)- V ( OC n + O 'T)

- - 0.86 Pj

The three-dimensional state of stress for pi - 100 psi is shown

• e low

(TZZU 1/( On + CFT) =-86

eloow

--.. • OT " 75.7

an 100

O'zz" 86

In this example TT is the smallest (in absolute value) of the

principal stresses.

The same example is now worked out using the equal area equiva-

lent. The port area of the grain is found to be

A 3.64 in 2
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Thus an equal port area circular port grain would have a port radius

a -1.08

.. (a/b)A - 0.36

The pressure factor A is calculated from equation (20)

A - 0.139

Thus the interface pressure p' (equation 19) is

p' - 0.88 Pi

Equation (21) now gives

C-T - 0.122 pi

The strain ET is again calculated from equation (24)

E T h 8.28 x 10-4 Pi

Note that the calculation based on equal port area gives a very poor

estimate of both stress and strain.

As a final example, the calculation will be repeated using the

circular port equivalent defined by equation (27)

(a/b)E - 0.618
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The pressure factor A is again calculated from equation (20), using

a/b - 0.618

A• - 0.0336

From equation (21)

a-T 0.688 P,

and from equation (24)

ET a 2.08 x 10.4 Pi

In this particular example, when (a/b)E is used to calculate p'

the error in stress is 1.47. and the error in strain is 47., assuming

that the computer solution is correct. In all of the comparison

problems known to the authors at the present time, (a/b)E yields the

best estimates of stress and strain for a case-bonded grain when com-

pared to the computer solution (Table II).

Thermal Shrinkage. The result of a computer solution for the

thermal shrinkage problem can be found in Reference 7. The configura-

tion is a simple slot four star grain with the following parameters:

a a 8 in t -0.15in

b - 10 . n EC - 30 x 106 psi

C'= 0.5 in Vc - 0.3

E - 3 x 103 psi OT - 6.5 x 10"5/°F

V - 0.4987 C( 0 6.0 x lO06/oF

H - 18.2 (from AT - - 100OF
Figure 8)
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The computer solution gives the following values for maximum tangential

stress and strain

O"T 312 psi

ET = 8.15%

For comparison purposes, this problem will be worked out using

the methods of this report. To find (a/b)E , note that (aWb)O W

0.8 and (a/b)A = 0.318 . Thup using equation (27)

(a/b)E - 0.729

Using this value in equation (26), the value of p' is:

pg = - 15.8 psi

The maximum tangential stress is now calculated using equation (17)

with external pressure p' and internal pressure pi - 0

G"T - 285 psi

This value is in good agreement with the computer solution. On the

other hand, when (a/b)W or (a/b)A is used in the calculation, the

corresponding values of ITT are

O -T - 18:1 psi (equal web fraction)

CT * 2,760 psi (equal area)
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To continue with the solution, 0- and C- are now calculated.
n zz

Since the internal pressure is assumed to be zero, - 0 and
n

aYz = a (G-T + 0 n) EOL TT

- 163 psi

The tangential strain can now be calculated from equations

ET E-1[C - V On + U')] + CLAT6

- 7.46 x 10"2

- 7.46%

Thus the strain, calculated using (a/b)E is in error 8.57% for this

problem, assumaing that the computer solution is the correct solution.
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XII.

EMPIRICAL REPRESENTATION CF EXPERIMENTAL DATA

As was indicated earlier in the section on test results, the

data obtained for the simple slot configuration of Figure 7-a may be

represented by the empirical equation

H- a 1 + 2 -1-- (28)

It would be desirable to determine similar empLrical relation-

ships to represent the data for each family tested. It has been shown

in the previous sections that the variation with N is adequately

described by the N"1 / 3  rule.

Inspection of equation (28) indicates that if N and (a/b) are

held constant that a plot of H versus V would yield straight

lines. This may be seen in Figure 54.

For the slot width effect tests it was shown that the dependence

on N"1 / 3 held (see Figure 26); however, no additional simple func-

tional dependency has been observed.

For the positive wedge angle tests the N"1 13  rule was shown

to hold (Figure 34), and the dependence on the fillet radius factor

may be seen in Figure 55. It is seen here that the functional form

for the empirical relationship is:

H N 1/(3, a/b) + C2 (OL, a/b) 4F/] h(OL, a/b) (29)
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indicating that the dependence on is linear. This is also

true for the negative wedge angle family and the elliptical slot tip

family as may be seen in Figures 56 and 57.

Judging from the results shown in the figures, it is seen that

the functional dependency of H on the parameters N and alp for

the simple slot, the positive wedge angle, the negative wedge angle,

and the elliptical slot tip tests is adequately represented as des-

cribed above. The task then remains to determine the unknown func-

tional form (.f equati)n (29) for the latter three familes. This work

is presently underway and will hopefully be reported in a later report.
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XIII.

CONCLUSIONS

Parametric photoelastic investigations of four families of

internally perforated rocket grains have been conducted. The results

are presented in graphical form showing the stress factor H as a

function of the four geometrical parameters necessary to describe

each family. Good correlation of these data with previous work of

the authors and analytical and numerical solutions is shown.

Methods of applying the experimentally obtained data to other prob-

lems of interest have been discussed. In particular the problem of a

case-bonded grain subjected to both pressure and thermal loads has been

considered. An engineering "rule of thumb" is suggested which allows

quite accurate calculations of the stress and strain problems considered.

A limited number of numctical solutions for problems similar to

those discussed here have recently been published in Reference 7. A

comparison of these and all other known numerical solutions was made

with those obtained using data obtained from this study. In general

good agreement was obtained. In all cases the disagreement was less

than 10. in stress and 157 in strain.

Empirical formulas are derived in some cases to represent the

variation of the stress factor as a function of the various parameters.

In all cases the variation with the number of star points has baen

shown to be Nl/3 . In all cases other than the slot width tests

the functional dependency oa the fillet radius factor has been shown

to be linear with

I
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FIGURE 2

ISOCHROHA&TIC FRINGE PATTERN'
FOR TYPICAL SIMPLE SLOT CONFIGURATION
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FIGURE 3

ISOCHROMATIC FRINGE PATTERN
FOR TYPICAL SLOT WIDTH TEST CONFIGURATION

N -4, d/2p 2, a/b -707., a/p -7.98, H- 8.46
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FIGURE 4-a

EXTERNAL PRESSURE VERSUS FRINGE ORDER
12

Test #29, Specimen AFP-SW-24

N 4, d/2o- 3, a/b -60., a/lp 6.87
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FIGURE 4 -b

EXTERNAL PRESSURE VERSUS FRINGE ORDER
12

Test #29, Specimen AFP-SW-24

N 4, d/2p- 3, a/b- 607, ,/p 6.87
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FIGURE 5

MATERIAL CALIBRATION
14

Specimen #5
Reference STDB2 :4

CR-39 1.025"
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I FIGURE 6

THICK-WALLED CYLINDER

CALIBRATION TESTS
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-a-
Simple Sl otted Grains
d/2p -1(NOTS Data)

-b -
Limit Squares

FIGURE 7
GBOu!.1RY OF LDHI CASES
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FIGURE 14

__________ EFFECT OF NUMBER OF SLOTS______28 - ON STRESS AT STAR POINT
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FIGURE 15

GEOMETRY OF TYPICAL CROSS SECTION

FOR SLOT WIDTH EFFECT TESTS
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?IGIIR 16

clOegMY OF TYFCAL CRtOSS SECfl(M

MRPOSITIV WZM(E AIIGL TESTS
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FIGURE i 7

GROWMRY Of TYPICAL CROSS SZCTIOP

FORt NEATIVI WEDGK AINGLZ TESTS
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Detail A

FIGURE 18

GBcNKTRY OF TYPICAL CROSS SECTION

FOR ELLIPTICAL SLOTJ TIP TESTS
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36 ~FIGURE 23 1
SLOT WIDTH EFFECT

32 -- LMIT POINT TESTS
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FIGURE 24

ISOCHROMATIC FRINGE PArTERN FOR LIMITING SQUARE

a/b- 607., a/p , 8.72, H -19.6
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FIGURE 25

14 EFFECT OF SLOT WIDTH FACTOR

N 4, a/b -70X, a/p -12
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FIGURE 31

ISOCHROMATIC FRINGE PATTERN
OF TYPICAL POSIIVE WEDGE ANGLE COrMFIGURATICN

N " 4, a- 200, a/b - 70", alp - 15.12
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FIGURE 32

POSITIVE WEDGE ANGLE TESTS

N 4, a/p "8

16'

H

12-

0 20 40 60 80 100

a

j . . ... .. 81



28

24

FIGURE 33

POSITIVE WEDGE ANGLE TESTS
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FIGURE 35

ISOCHROM-TIC FRINGE PA-TER44
OF TYPICAL NEGATIVE WEDGE ANGLE CONFITGNPTION

N -4, - 200, P/b , 58%, a/p 6.33, H - 7.22, po 300 psi

(NOTE: Distortion of fringe pattern on bottom extremity of model
was due to delaimination of Pens in cptical bench.)
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32
FIGURE 41

NEGATIVE WEDGE ANGLE TESTS
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FIGURE 42

NEGATIVE WEDGE ANGLE TESTS
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32 FIGURE 43

NEGATIVE WEDGE ANGLE TESTS
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E 1.0, 2 0 = 0.753 0.8, 2p 0.753

E 0.6, 2p - 0.753 0,4, 2 p 0.753

I
FIGURE 44

DETAIL OF ELLIPTICAL SLOT TIP GEOMETRY
FOR VARIOUS ECCENTRICITIES
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-a- -b- 0.8

-c- t "0.6 -d- -0.4

FIGITE 45

VARIATION OF ISOCMWIC YRINGE PATTRN WIrrH ECCERTRICITY

po - 350 psi, a/b a 607., 2p 0.5"
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